We demonstrate a fundamental limitation in the force enhancement in simple waveguide-resonator geometry. We also show that the all-optical analog to electromagnetically induced transparency, as observed in a waveguideresonator geometry, can be used to drastically enhance waveguide-resonator optical force, significantly beyond what one can achieve in principle in conventional waveguide-resonator coupling schemes. Pursuing an all-optical on-chip analog of electromagnetically induced transparency (EIT) [1] has been of fundamental interest [2] [3] [4] [5] [6] [7] [8] [9] [10] because it highlights the conceptual link between optical microresonator physics and atomic physics [7] . Novel applications include slow and stopped light, which is achieved by a very flat band structure due to the dark state's small external coupling [8, 9] . Another example of the applications is for sensing, which utilizes the system's high sensitivity to the change in the index of refraction of its environment [10] . The EIT effect was also recently incorporated with the fields of plasmonics and metamaterials since this effect can be used to reduce external radiation and hence enhance the quality factor of the resonance [11, 12] .
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In this paper, we consider a waveguide-resonator geometry consisting of two waveguides coupled through two ring resonators in between [ Fig. 1(a) ]. Experimentally, it has been shown that this geometry exhibits a pronounced EIT-like transmission spectrum [3] . Here we show that the same all-optical EIT effect can be exploited to greatly enhance optical force. We will show that this scheme can achieve the force far more than is obtainable, in principle, in the traditional waveguide-resonator configuration consisting of a single resonator [ Fig. 1(b) ].
The use of an optical ring resonator to enhance optical force has been explored very extensively [13] [14] [15] [16] [17] [18] [19] [20] . Among all the geometries explored, the waveguide-ring configuration, as shown in Fig. 1(b) , was of interest because of its application in actuation, filtering, and optomechanical cooling [13] [14] [15] . In general, in using an optical resonator to enhance optical force, one uses a high quality-factor (Q-factor) cavity such that the field generated by each incident photon is enhanced, which then translates into a higher optical force per incident photon. In the waveguide-ring geometry, one would like similarly to use the high-Q cavity to enhance the waveguide-cavity force. However, in this system, the external Q factor that describes the waveguide-cavity coupling can only be increased by increasing the distance between the waveguide and the cavity. Such an increase, unfortunately, also reduces the force per photon in the cavity. As a result, the capability of the resonator force enhancement in this geometry is limited.
The origin of the optical force can be explained as the gradient of the energy landscape of the resonating photon energy and output power, with respect to relevant physical displacements [13, 21, 22] . As a concrete example, we study the waveguide-ring configuration as shown in Fig. 1(b) . The system is chosen to be in two dimensions with electric field strictly along the z direction. We are interested in the system with the resonance near the telecommunication free-space wavelength of 1550 nm; therefore, in this paper, we normalize all quantities with respect to a length scale of a = 1 μm so they are on the order of unity. The resonator is racetrack-shaped. Both the resonator track and the waveguide are 0.2a-wide-slabs of silicon with dielectric constant Si = 12.1. They are separated by an edge-to-edge distance d and surrounded by air with air = 1. The resonator track has curved sections with a radius of r = 1 μm, and straight sections of length L. At L = 0, the resonance frequency is approximately 0.64c/a, where c is the speed of light in vacuum. Because the effective wavelength of the fundamental mode of a silicon waveguide with the same width of 0.2a is λ w = 0.57a nm at this frequency, L will be chosen as a multiple of λ w /2 to maintain roughly the same resonance frequency. The optical force between the resonator and the waveguide is calculated by integrating the Maxwell stress tensor in a finite-element frequency-domain simulation package, COMSOL [23] .
Since we consider a two-dimensional (2D) system, the total force, as determined by a line integral of the stress tensor, is in units of N/m, and the power is in units of W/m. Since the force is proportional to the input power, we will present the force in the normalized unit of (N/m)/(W/m) = N/W. Also, we will make a comparison between the waveguide-cavity force and the force between parallel waveguides [ Fig. 1(d) ]. The correct measure of the waveguide-waveguide force is the 2D force per unit length along the waveguide direction, which has the unit of (N/m)/m = N/m 2 . Thus, the 2D waveguide-waveguide force is the pressure. Again normalizing with respect to the input power in two dimensions, the pressure will be presented in the unit of (N/m 2 )/(W/m) = N/(W m). Knowing the typical value of the pressure in the waveguide-cavity configuration, the waveguide-cavity force can be simply estimated by multiplying the pressure with the effective coupling length along the waveguide direction, which is roughly the radius r in this configuration. Note that even though our setup is in two dimensions, the value of the optical pressure calculated here should be approximately equal to those obtained in three-dimensional experiments or simulations, where the cross sections of the resonator and the waveguide are rectangular. This is because both the pressure and the power should have similar z dependence, so this dependence should cancel out in the calculation of pressure-power ratio. Therefore, the enhancement effect that we observe in two dimensions should be achievable in 3D structures as well.
For the structure shown in Fig. 1 (b), we plot in Fig. 2 (a) the maximum waveguide-resonator pressure (F wr ) as a function of waveguide-cavity spacing d for a few structures with a different straight section length L, chosen such that the resonance is fixed around 0.64c/a. We then consider the frequencies in the vicinity of that resonance. The data points in Fig. 2(a) correspond to the maximum repulsive pressure among all frequencies around the resonance, and all spatial regions along the waveguide. We find that the optical pressure is bipolar as the frequency varies across the resonance [15] , with the repulsive pressure being dominant for our setup. The pressure reaches a plateau at small d (d 0.2a) and decays exponentially at larger d.
To quantify the pressure enhancement due to the resonator, it is useful to find a "base" case to compare the pressure to. From the plot of the field in Fig. 2(a) , we can see that the resonator field profile looks similar to the field in the waveguide, as expected from such a ring resonator. Therefore, a natural choice of the base case is the pressure between two parallel waveguides of the same width and the same spacing d [ Fig. 1(d) ]. To compare with dominantly repulsive pressure in the resonator setup, we choose the odd-mode excitation for the waveguide-waveguide case in order to generate a repulsive pressure [22, 24] . This pressure F ww between the two parallel waveguides thus determined exhibits an exponential decay as a function of d, as shown in Fig. 2(a) . We can see that F wr is, as expected, higher than F ww . The pressure enhancement, however, is quite small; the maximum of F wr is only twice F ww at d = 0.05a.
This behavior of the optical pressure as a function of d can be explained with the coupled mode theory [25] . In that theory, the key parameters are the external coupling rate or external linewidth (1/τ e ), and the intrinsic loss rate or intrinsic linewidth (1/τ 0 ). The external coupling rate is the exchange rate of the energy between the resonance and the waveguide. The intrinsic loss rate is the rate at which the cavity loses energy from other means, for example by radiation or material loss. These rates are directly calculated in the simulations by fitting the transmission and are plotted in Fig. 2(b) . For d < 0.25a, 1/τ e > 1/τ 0 , the system is in the overcoupling regime. For d > 0.25a, 1/τ e < 1/τ 0 , the system is in the undercoupling regime. Comparing this to the pressure plot in Fig. 2(a) , we can see that in the overcoupling regime the pressure reaches a plateau and is almost independent of d, while in the undercoupling regime the pressure decays exponentially as a function of d.
As a simple quantitative model, the waveguide-cavity pressure can be considered as the waveguide-waveguide pressure amplified by the field-enhancement factor (F) of the resonator, defined as the ratio between the field inside the resonator and the input field,
The waveguide-waveguide pressure decays exponentially with respect to d as seen in Fig. 2(a) , i.e., F ww ∝ exp (−k d d) , where k d describes the evanescent decay of the field away from the waveguide. The field-enhancement factor near resonance, as plotted in Fig. 2(c) , is given by
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where T is the round-trip time of the resonator. Thus the enhancement factor in general depends on both the internal and external linewidth. Because 1/τ e and 1/τ 0 depend on T , we factor out T by defining the dimensionless coupling constants κ e = (2T /τ e ) 1/2 and κ 0 = (2T /τ 0 ) 1/2 . This gives
The dimensionless waveguide-cavity coupling constant κ e decays exponentially with d, while κ 0 is approximately constant in d. Therefore, in the overcoupling regime (κ e κ 0 ), F ∝ exp(k d d) , the exponential dependency of which cancels out the decay of F ww and gives a plateau in waveguide-cavity pressure. On the other hand, in the undercoupling regime (κ e κ 0 ),
, which results in a fast exponential decay of the waveguide-cavity pressure F wr (d) ∝ exp (−2k d d) . This simple theory agrees well with the numerical results in Figs. 2(a) and 2(c) .
As an additional confirmation of the theory, because the round-trip time T totally cancels out in Eq. (3), the pressure does not depend on the resonator size if the geometry of the coupling region is the same. This is confirmed in Fig. 2(a) , where pressures are the same for different L's. As a side note, Ref. [13] shows an increase of optical pressure when the modal size of the resonator is reduced. However, in Ref. [13] , the modal size is reduced by reducing r, which reduces the length of the coupling region. Our results here are not in conflict with those of Ref. [13] .
To summarize the discussions above on the waveguidecavity pressure in the single ring cavity configuration, we have shown that the pressure reaches a plateau in the overcoupling regime, and that the overall pressure enhancement, as compared to the waveguide-waveguide pressure, is rather limited, due to the opposite and canceling exponential dependency on d of the cavity field enhancement and the base pressure. While the waveguide-resonator geometry has been previously considered, the existence of such a limitation for pressure enhancement and its physical explanation have not been recognized before. Our theory implies that (i) increasing external Q, by increasing the cavity waveguide spacing, certainly does not enhance the optical pressure, and (ii) perhaps somewhat counterintuitively, making a resonator with lower loss (higher 1/τ 0 ) also cannot improve the pressure because the maximum pressure is achieved in the overcoupling regime, where 1/τ e dominates anyway. As a result, the overall pressure enhancement over the waveguide-waveguide pressure is rather limited.
Based on the above-mentioned analysis, we see that, to further enhance the waveguide-resonator optical pressure, it is important to decouple the field enhancement of the optical resonance, from the resonator-waveguide distance. We therefore consider the setup as shown in Fig. 1(a) , consisting of two waveguides and two cavities. It is well known that this setup provides an all-optical analog to EIT. Here, we show that such an EIT analog provides a mechanism to drastically enhance the waveguide-resonator optical pressure.
The EIT analog in the setup of Fig. 1(a) arises from the resonant interference between the two resonators. To briefly review the underlying physics of the EIT analog, we consider first a structure consisting of a single ring resonator coupled to two waveguides [ Fig. 1(c) ]. For light incident from one of the waveguides, the transmission spectrum for the light power exiting the same waveguide [bottom right port in Fig. 1(c) ] is shown in Fig. 3(a) . The transmission spectrum exhibits a single Lorentzian dip, indicating typical single resonance behavior.
In the presence of the second cavity in the structure of Fig. 1(a) , and with an appropriate choice of the cavitycavity distance, the transmission spectra [bottom right port in Fig. 1(a) ] now exhibit a pronounced "transparency resonance" peak within the resonance dip of a single cavity, as we can seen in Fig. 3(b) . In Fig. 3(c) , which is a more detailed view, we plot the transmission spectrum for a system with L = λ w and d = 0.1a for five values of distances w between the two resonators. Such a transparency resonance is a direct optical analog to EIT; it arises due to the coherent destructive interference of the decaying amplitudes of the two resonances to the waveguides [3] . The linewidth of such a transparency resonance can be much smaller as compared to the linewidth of an individual resonator. Moreover, the linewidth can be controlled by changing w, as seen in Fig. 3(c) . Therefore, the use of the EIT analog provides us with a mechanism to decouple the external resonator linewidth and the waveguideresonator distance, allowing further field enhancement while keeping d constant. The EIT effect is therefore ideal for the enhancement of waveguide-resonator optical pressure.
To show that the EIT effect can indeed enhance the waveguide-cavity pressure, we calculate the waveguideresonator pressure (F wr ), which is defined to be the pressure on the input waveguide near the resonator closest to the input port. [The pressure between other pairs of resonator and waveguide should behave similarly, as can be seen from the field pattern in Fig. 1(a) .] The result is plotted in Fig. 3(d) for five values of w. As can be seen, the pressure has sharp peaks at approximately the same frequency as the transmission 063833-3 peaks in Fig. 3(c) , and the magnitude of the pressure is an order of magnitude higher than the one-resonator case of Fig. 2(a) . This indicates that the use of EIT provides a far superior mechanism for pressure enhancement as compared to the traditional single-resonator case. It is worth pointing out that at w = 3.99a, the system supports a dark resonance that does not show up as a transmission peak, since its external linewidth is narrower than its intrinsic linewidth, i.e., the system exhibits undercoupling. However, this dark resonance is excited, and therefore still results in a prominent peak in the pressure spectrum. Also, note that the peak positions of the pressure and transmission do not exactly line up, as is the nature of resonator optical pressure [13] , and also because the transmission is the property of the two-resonator system, but the pressure is measured on the first resonator, which is an asymmetric measure and can create the shift.
By varying w and finding the maximum of the pressure spectrum, we plot in Fig. 4(a) the pressure as a function of w in comparison with the pressure from the one-resonator case [ Fig. 1(b) ] and the one-resonator-two-waveguide case [ Fig. 1(d) ]. In this EIT setup, the waveguide field in the section between the two resonators is enhanced by roughly the same ratio as the resonator field enhancement F [shown in Fig. 1(c)] ; therefore, the maximum pressure occurs in this section, and the pressure enhancement factor is on the order of F 2 due to the enhancement in both the cavity and the waveguide. We plot Fig. 4(b) , and it is seen that the shapes and magnitude of the plot in Figs. 4(a) and 4(b) agree.
There are two interesting characteristics of the plot in Figs. 4(a) and 4(b) . First, both graphs have two peaks with a dip at w = w 0 = 3.985a. Second, the field-enhancement [ Fig. 4(b) ] is symmetric around the dip, but the pressure [ Fig. 4(a) ] is slightly asymmetric. The cause of the asymmetry in the pressure graph comes from the choice of measuring the pressure only on the first resonator in this two-resonator system.
We now comment on the origin of the dip in Figs. 4(a)  and 4(b) . In the two-ring structure exhibiting the EIT effect, the external linewidth of the transparency resonance is at minimum when the cavity-cavity spacing w is chosen such that the EIT condition (destructive interference at the output) is satisfied at the frequency where T and R of the individual resonators are at the extremum [f = 0.642c/a, as seen in Fig. 3(b) ]. This corresponds to w = w 0 = 3.985a in our structure. Thus, as we vary the cavity-cavity spacing w toward w 0 , we will initially see an enhancement in the pressure as the external quality factor increases. As we approach w 0 , however, the transparency resonance eventually reaches the undercoupled regime with its external linewidth falling below its intrinsic linewidth, and hence the maximum pressure and field enhancement exhibits a dip in the immediate vicinity of w ≈ w 0 . Right at w = w 0 , the pressure and the transmission peaks are very low, and would appear to be approximately zero if plotted in Figs. 3(c) and 3(d) . As a function of w, the maximum pressure therefore should exhibit a peak in a relatively broad region of w around w = w 0 , with a dip in the immediate vicinity of w = w 0 , which is observed in Fig. 4(a) .
As a final remark, we note that in the single-resonator case, reducing the intrinsic loss of the resonator does not enhance the waveguide-resonator force. On the other hand, in the EIT case, the force can be greatly enhanced if one were to reduce the intrinsic loss of the resonators, since in such a case the external linewidth of the transparency resonance can be further reduced without reaching the undercoupled regime. In conclusion, we have shown that the all-optical EIT analog provides a mechanism for enhancing optical forces, which may be important for optomechanical switching and frequency tuning. This work is supported by an AFOSR-MURI program on Integrated Hybrid Nanophotonic Circuits (Grant No. FA9550-12-1-0024).
